This paper discusses the development of a linear control algorithm for formations in the vicinity of the L2 sun-Earth libration point.
INTRODUCTION
NASA would like to fly many distributed spacecraft missions in the next decade and beyond.
Among these concepts, the Magnetospheric Multiscale and Magnetospheric Constellation _ will study the magnetotail of the earth, Stellar Imager 2 (SI), MAXIM 3, and Constellation-X 4 will image stars and black holes respectively, and the Laser Interferometer Space Antenna 5 (LISA) will attempt to detect gravitational waves.
Some of these missions, including SI and MAXIM, plan to operate near the Sun-Earth libration points, and have very precise formation control requirements. Farquhar Currently, diverse approaches to support these mission types are under study. In this paper, the use of high fidelity dynamics along with a discrete linear-quadratic-regulator framework is applied for control of SI in the vicinity of the L2 Sun-Earth libration point.
The development of a simplified extended Kalman filter is included as well.
SI MISSION DESIGN AND CONTROL
REQUIREMENTS SI is a concept for a space-based, UV-optical interferometer, proposed by Carpenter and Schrijver _1.
The purpose of the mission is to view many stars with a sparse aperture telescope in an attempt to better understand the various effects of stars' magnetic fields, the dynamos that generate them, and the internal structures and dynamics of stars. The leading concept for SI is a 500-meter diameter Fizeau-type interferometer com-fortheformation afterconsideration of gravitygradients, scattered andstraylight,andelement replacement isaLissajous orbitaround theSun-Earth L2point.The y-amplitude of the Lissajous orbit will be about 600,000 kin,butisnotcritical tothemission. Withthis orbit,SIwill beabletocover theentire skyevery half year whilemaintaining anaimperpendicular tothesun. Foruseful imaging, SImust aimwithin10degrees of perpendicular fromthesun. To function properly, SI will need to accommodate a wide range of control functions.
In addition to maintaining its desired trajectory around L2, the formation must slew about the sky requiring movement of a few kilometers and attitude adjustments of up to 180 degrees.
While imaging, though, the drones must maintain position within 3 nanometers of accuracy in the direction radial from the hub and within 0.5 millimeters of accuracy along the sphere surface. The accuracy required for attitude control while imaging is 5 milli-arcseconds tip and tilt (rotations out of the surface of the sphere). The rotation about the axis radial from the hub (rotation within the sphere) is a much less stringent 10 degrees.
To achieve these requirements, Leitner and Schnurr _2 propose a three-tiered formation control approach.
The first tier is "rough" control using radio frequency (RF) ranging and modified star trackers for sensors and thrusters for actuators.
The relative positions will be controlled to within a few centimeters.
This level will drive lost-in-space emergencies, formation initialization, large translations due to formation slewing, collision avoidance, and maintenance of the formation's trajectory about L2. The RF ranging system will provide range measurements, and the modified star trackers will provide azimuth and elevation measurements.
The actuators for this tier will be four lowthrust, high specific impulse (Isp) thrusters.
The thrust level will be on the Newton to milli-Newton order of magnitude.
It is this tier that this paper primarily addresses, although these results could be applied at the next tier as well.
The second tier is "intermediate" control with a modulated laser ranging system as sensors and thrusters as actuators.
The relative positions will be controlled to within 50 microns at this tier. This level will drive primary attitude adjustments and small translation maneuvers.
Twelve 10-100 micro-Newton Indium Field Emission Electric Propulsion (FEEP) thrusters will be used for this level. This propulsion technology is currently available, but by 2015 should be vastly improved.
Basically, this tier functions to smooth the transition from the rough control of the first-tier to the fine precision control of the third-tier.
The third-tier is fine precision control.
At this level, the satellites themselves will not move; instead, the optics will be adjusted by extremely accurate mechanical devices with an accuracy in the nanometer range. Rather than having a traditional sensor to determine measurements, phase diversity and wave-front error (WFE) sensing algorithms, using data from the incoming light rays, will determine the needed control.
Currently, phase diversity and WFE sensing are in their infancy for use with spacecraft and formation flying concepts.
Controller
Development A common approximation in research of this type models the dynamics of a satellite in the vicinity of the sun-earth L2 point using the circular restricted three-body assumptions. These assumptions only account for gravitational forces from the sun and Earth.
The moon is also included, but not as an independent body. The masses of the earth and moon are combined and assumed to be at the earth-moon barycenter. The motion of the sun and the earth-moon barycenter is also assumed to be circular around the system barycenter.
This analysis
uses high fidelity dynamics based on a simulation named Generator that Purdue University has developed. Generator creates much more realistic Lissajous orbits than those derived from the circular restricted three-body problem. Using ephemeris files, Generator takes into account the effects of eccentricity, an independent moon, the other planets of the solar system, and solar radiation pressure.
The resulting Lissajous orbit can then be used as a more accurate reference orbit. In addition to providing the reference positions and velocities, Generator also numerically computes and outputs the linearized dynamics matrix, A, for a single satellite at each epoch. This data can be used onboard for autonomous computation by simple uploads or onboard computation as a background task of the 36 matrix elements and the state vector. A Generator reference orbit is shown in Figure  2 . The origin in Figure 2 is the earth. The X coordinate connects the two primary bodies, the Z coordinate is parallel to their angular velocity of the system, co, and the Y coordinate completes a right-handed system. The reference orbitperiodis 359daysandthescale is in kilometers.
x i_1 _renc! fo; hub rate,lilt The coordinates of a satellite can be written as
where X 0 , Yo, and Z 0 are the coordinates of any one of the libration points. The linearized equations of motion about a collinear point can be expressed in state-
and A is output from Generator. For SI, the overall formation must follow a prescribed path about the libration point, and individual satellites must maintain desired relative configurations; i.e. the controller must be of the tracking type. Define the state error as
SOthat the desired linear control law is
The problem is therefore in the form of the linearquadratic-regulator (LQR), which provides the gain K that minimizes the cost function
where W is a penalty on the mean square tracking errors, and V is a penalty on the control energy. Assuming the reference satisfies the state differential equation, the closed loop dynamics are
where u is the control vector and B is the matrix that maps the control effort to the state-space. The control is modeled as ideally applied acceleration in the x, y, and z directions.
Therefore, -0 0 0-0 0 0 0 0 0 and B= 1 0 0
LU3l where u I is the control in the x direction, u 2 is the control in the y direction, and u 3 is the control in the z direction.
Letting subscript 1 denote the hub, the controller will regulate the hub to follow a desired path around L2, while the drones, denoted by higher subscripts, will be controlled relative to the hub only. Thus the drone's state vectors are actually relative to the hub, not the libration point, and for satellite 2, the tracking error obeys ,..L X 2 = A_ 2 +Bu 2 -Bu 1, (11) For the complete formation, it is convenient to redefine A and B such that
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The system _s discretized using a sample-and-hold approach.
The state transition matrix is created from the dynamics partials output from Generator by
k=0 truncating the series after the quadratic term. Although the A matrix from Generator is slowly time-varying, it is assumed to be constant over the time step, which is in all cases much smaller than the "period" of the 
where w is the random process noise vector. The (nonlinear) measurement model is
The covariances of process and measurement noise are
For the hub, we assume Earth-based range, azimuth, and elevation, are measured.
To keep the filter simple, the angles were assumed to be measured in relative to the ecliptic plane.
For the drone satellites, positions are determined relative to the hub satellite. Range is a scalar, so whether it comes from a sensor on the hub or the drone is unimportant.
Azimuth and elevation, on the other hand, usually come from sensors on the drone spacecraft.
They are in the frame of reference of the local coordinate system centered on the drone. Because the states of the drone spacecraft are represented with respect to the hub spacecraft, and the angles are with respect to the drone spacecraft, a coordinate transformation is required. However, if the local coordinate system on the drone is oriented the same as the reference coordinate system on the hub (b_ is aligned with x, b2 is aligned with y, and b3 is aligned with z), the position of the drone can be determined from simple trigonometry.
For convention positive azimuth is defined as counter-clockwise from the b 2 direction in the bl-bz plane. Positive elevation is defined from the bFb2 plane upwards in the positive b3 direction.
The position of the drone relative to the hub is then
where r is the range, el is the elevation, and az is the azimuth as shown in Figure 3 . These models are used with standard techniques, e.g. as may be found in Brown and Hwang _4, to construct the simplified extended Kalman filter for this study.
RESULTS
Three different scenarios make up the position control problem--maintaining the Lissajous orbit, slewing the formation to aim at another star, and reconfiguring the formation to take another snapshot of a star when necessary.
These three scenarios are treated independently.
To determine the amount of fuel, the ve- The values of the process and the measurement noise covariance matrix for the hub satellite are chosen to be ,0 ll 0 0 Ol:
The strength of the process noise is set at a value large enough to be noticed, but not so much as to constrict or destabilize the system. The first term in the measurement noise covariance matrix assumes range measurements from the earth to the hub within 0.1 km or 100 meters. The second and third terms assume that the arc lengths corresponding to the azimuth and elevation angles are three times less accurate than the range measurements.
To find the angular accuracy, simply divide the accuracy of arc length by the range. The L2
point is approximately 1.5 million kilometers from the earth and is used as a roughly constant scaling distance.
The measurement covariance for the drone satellites is different from that of the hub:
(25) 0.0001 "
Here, the range measurement is assumed to be accurate to within 0.1 meters, with three times less accurate arc lengths.
The range from the hub to the drones is the focal length of the interferometer (either 0.5 or 4 km).
The initial covariances for the hub and drones are Figure  6 shows the control effort over the course of one simulation. As before, the strength of the process noise is set at a value large enough to be noticed, but not so much as to constrict or destabilize the system.
The hub tracking error, estimation error, and control are found for focal lengths of both 0.5 and 4 km Each drones' tracking error, estimation error, and control are determined as well. For conciseness, only the results for one drone will be shown (satellite 2). Two slewing angles are investigated, 90 degrees and 30 degrees. Figure 7 provides an image of the entire SI formation slewing 90 degrees, with a 0.5 km focal length. Table 1 lists the total position tracking error after one day for the different scenarios when noise is turned off. For all scenarios, neglecting noise, the velocity tracking error is essentially zero after one day. If noise is turned off, the tracking errors go asymptotically to zero, as expected with a linear quadratic regulator control strategy. Clearly, the noise and estimation errors have a significant effect on the tracking errors. Figure 10 shows the estimation error results of a dozen simulations for the hub with varying slew angles and focal lengths. The red lines are the three-sigma values. The hub's steady-state position three-sigma values are about 50 meters, and the steady-state velocity three-sigma values are about 1 millimeter per second for all scenarios.
The estimation errors are within the three-sigma values with few exceptions. The threesigma values change for each simulation (because the noise is random), but the change cannot be seen for the hub because the order of magnitude of change is much, much less than their overall value. The three-sigma value change from one simulation to another can be seen in the drone estimation error plots. The range from the hub to the drone is either 0.5 or 4 kin, whereas the range from the hub to the earth is about 1.5 million km. The larger the angle the formation slews through, the more A V is needed. Also, the larger the focal length, the more A V required. Table 3 shows the corresponding propellant masses needed to achieve the AV's given in Table 2 , with the assumptions that the Isp of the low-thrust thrusters is 10000 seconds, the initial mass of the hub is 550 kg, and the initial mass of each drone is 100 kg. When the noise is turned off, the required A V and propellant mass is reduced significantly. Table 4 shows the AV's and Table 5 shows the corresponding propellant masses when noise is removed. 
Formation Reorientation
For some stars, one snapshot from the SI formation will not provide enough sampling data for sufficient resolution.
In these cases, the drones must rotate 90 degrees and take another snapshot. The aim from the drones, through the hub, to the desired star, is maintained with such a reorientation. Figure 12 shows the first four drones of the formation before and after reorientation (with a 0.5 km focal length).
Only four drones are pictured for clarity. Every drone tracks to within 4 meters of its reference position, and to within 1.5 millimeters per second of its desired zero velocity for both focal lengths. When noise is turned off, the satellites track much better than when the noise is included. Table 6 shows the total position tracking errors for the various satellites after one day, when noise is eliminated. The tracking errors go asymptotically to zero, and the velocity tracking errors are essentially zero at the end of a day. Just as with the formation slewing simulation, the noise, and in turn the estimation errors, are the largest reason for imperfect tracking.
Since the hub and drone estimation errors for a dozen simulations with the different focal lengths is similar to the slew simulations, they are not shown here. The steady-state x three-sigma value is about 30 meters.
The steady-state y and z three-sigma value is about 50 meters. The steady-state velocity three-sigma values are about 1 millimeter per second. The hub estimation errors stay within the three-sigma values except for rare occasions. For any drone and either focal length, the steady-state position three-sigma values are less than 0.1 meters, and the steady-state velocity threesigma values are less than l e-6 meters per second. Also, the estimation errors stay within the three-sigma values with rare exceptions.
The A V can be determined, for each satellite, from the control effort required to reorient the forma-tion. Table 7 gives the average A V's from a dozen simulations to reorient the formation. The focal length has no discernible effect on the AV needed to reorient the formation.
This makes sense because the rotation is about the y-axis, and the focal length is assumed to be the measurement along the y axis from the hub to the drones. Table 8 gives the propellant masses that correspond to Table 7 . Without noise, the A V needed to reorient the formation is much less, as shown in Table 9 . Table 10 gives the propellant masses that correspond to Table 9 . rection of the hub-centered system is parallel to and in the same direction as the cross-track direction of the earth-centered system. Figure 14 shows the relationship between the two coordinate systems.
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